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I. DETERMINISTIC CHAOS LAB

This laboratory consists of three major sections: Two
are computer simulations and the remaining component
is a laboratory demonstration. The laboratory compo-
nent is based less on data taking, placing more emphasis
on the demonstration of deterministic chaos.

The final report for the Deterministic Chaos Lab
(DC Lab) should include appropriate presentations and
explanations of data in addition to some qualitative
discussion on interesting or significant aspects of the
experiment. A brief discussion describing the general
nature referenced in scientific literature will be to your
benefit. There are some books (and even free ebooks)
on the subject available. Some of these are provided in
the Recommended Sources section.

II. BACKGROUND INFORMATION ON THE
LOGISTIC MAP

The iterative map we are concerned with is the logistic
map:

xn+1 = 4λxn(1− xn) (1)

where the parameter λ is restricted to 0 ≤ λ ≤ 1 and
the variable x is restricted to 0 ≤ x ≤ 1. For studying
complex behavior of a simple system, the logistic map
provides an ideal example. The transient behavior
(when the mapping exhibits a “pattern” so to speak)
of the logistic map is dependent on the choice of the
parameter λ and the initial condition x0.

A pseudo-chaotic behavior emerges when λ is greater
than some critical value λ∞. We say “pseudo” simply
because the sequence of values for x is deterministic and
yet displays attributes of a chaotic system by containing
a random sequence of numbers.

A k-cycle is a type of oscillation where the value
xn repeats every k iterations. The trivial case for a
1-cycle is the initial condition x0 = 0. With this initial
condition xn = 0 ∀ n which is completely independent
of the choice of for the parameter λ. Results are more
meaningful if presented in the form of a time series xn

VS n (as shown in Fig 1 ). This can be plotted using
software such as MATLAB or Microsoft Excel though
one point should be mentioned: Your initial plot maybe
seen as a continuous (though not necessarily smooth)

graph. The time series is a discrete mapping and hence
only the discrete points or “corners” are significant.

FIG. 1: Time Series with x0 = 0.01 and λ = 0.99. This time
series is the logistic map with the specified parameter and
initial condition. MATLAB was used to obtain this plot

A. The Feigenbaum δ

The Feigenbaum δ is defined mathematically as:

δ = lim
n→∞

λn − λn−1

λn+1 − λn
(2)

Numerical calculations show δ ≈ 4.66920. In the expres-
sion for the δ, λn refers to the λ which demonstrates
the onset of a 2N cycle. One caveat to note: For higher
order n-cycles, the spacing between values of λ become
increasingly small so precision is required in measuring
the difference in λ values.

B. The Feigenbaum α

For any pair of stable points within a 2n-cycle, there
is a value α which describes the spacing between these
two points. For particular periodicity, λ will determine
the location of the stable fixed points. If we denote dn

as the distance between two fixed points, then α is:

α∞ =
∣∣∣∣ dn

dn+1

∣∣∣∣
n→∞

≈ 2.50229... (3)



2

C. The Lyapunov Exponent

Chaotic behavior’s chief trademark is sensitivity on ini-
tial conditions. Two very close initial conditions can lead
to profound and different dynamics for increasing itera-
tions. This is simply a qualitative way of describing this
behavior but a mathematical statement would be neces-
sary to imply such a sensitivity. The Lyapunov exponent
(µ) is defined by :

∆n = |x′n − xn| = Kenµ (4)

where K is a constant and µ is the Lyapunov exponent.
The sequence of numbers {xn} has the initial condition
x0 and the sequence of numbers {x′0} has the initial
condition x′0. If there is a significant difference between
x0 and x′0, then a disparity in long term behavior is
to be expected. It’s the slight difference in the initial
conditions which provides a more meaningful insight
into chaotic behavior. Since the exponential form is a
bit more difficult to work with, it’ll be convenient to
utilize algebra rules and turn the exponential form into
a linear form involving ln∆n in terms of n.

In this linear form, the Lyapunov exponent becomes the
slope in the best fit line in the plot of ln∆n VS n (see
Fig 2). For data in the chaotic regime, µ > 0. With
a positive Lyapunov exponent, it becomes clear that
this will lead to a rapid divergence. In sequences that
approach a limit cycle, µ < 0. This in turn indicates
convergence to a mathematical object called an attractor
with all initial conditions belonging to some set called
the basin of attraction.

FIG. 2: Plot of ln∆n VS n with x0 = 0.5, x′
0 = 0.50001, and

λ = 0.9

As mentioned before, the Lyapunov exponent provides
a means of determining whether a data is chaotic since a
seemingly unpatterned sequence of numbers will appear
to be chaotic when in fact, they are periodic (just not
obviously periodic). Very high periodicities are not
impossible. These periodicities in data will appear as

periodic windows.

D. The Orbit Diagram

To construct the orbit diagram, a computer program
is needed with essentially two loops. Decide which λ you
wish to use and generate an orbit with a random initial
condition. Iteration should be around 300-350 cycles (in
order to allow the transients to settle down). Once the
transients have settled down, plot points that are greater
than the selected λ. Move to an adjacent value of the
parameter λ and repeat the process. Your final result
should look similar to Fig 3.

FIG. 3: Orbit diagram for the Logistic Map

III. COMPUTER SIMULATIONS

This is a computer study of the simple logistic map.
You must write your own computer program for this
part and be sure to include the code (with appropriate
comments) in your lab book.
Carry out the following exercises:
1. Determine λ values for the onset of: 2-cycle, 4-cycle,
8-cycle, 16-cycle, chaos.
2. For each of the following cycles, determine λ′ s.t. a
stable fixed point occurs at x = 0.5; in each case record
values of all fixed points for the 2-cycle, 4-cycle, and
8-cycle.
3. Find the λ value and all fixed points for a ”window”
with λ > λ∞ and for other than a 3-cycle.
4. In the chaotic region obtain a set of data from which
a Liapunov exponent may be determined. Record a
sequence of data with two nearby starting values. for x.
Plot ln∆ versus step number. From the plot determine
the exponent using some mathematical software. In
addition, determine the multiplicative constant K.
5. For a 2-cycle with two nearby starting x values well
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removed from a stable fixed point, obtain data to plot
the transient behavior of the separation, i.e. plot ln∆
VS step number. The data should extend far enough to
indicate a negative Liapunov exponent.
6. Estimate the Feigenbaum δ four ways:
(a) Use data for λ2, λ3 λ4

(b) Use data for λ′1, λ′2, λ′3
(c) Use data for λ3, λ4, λ∞
(d) Use data for λ′2, λ′3, λ∞
7. Estimate the Feigenbaum α using data taken in part
(2) for the 4-cycle and for the 8-cycle.

IV. INTRODUCTION TO THE DLR CIRCUIT:

To show that chaotic behavior is not limited to theo-
retical models, it is instructive to look at a real system.
Such a system is a D-L-R circuit, found in most mod-
ern household electronics (TV, VCR, etc.). This circuit,
as shown in Fig 4, consists of a sinusoidal input volt-
age signal, an inductor, and a diode responsible for the
nonlinearity of the system.

FIG. 4: DLR Circuit

V. THEORY OF DLR CIRCUIT:

The D-L-R circuit can be modeled by the following
differential equation:

VD + VL + VR = VS (5)

or written more explictly

RI(t) + L
dI

dt
+ VD = V0 sin(2πft) (6)

where VS is the varying voltage of the signal generator,
VR is the voltage across the resistor, VL is the voltage
across the inductor, and VD is the voltage across the
diode. The phenomenon of period doubling is evidenced
by measuring the voltage drop across the diode and
varying the frequency, f , or amplitude, V0, of the driving
voltage. An analogous model can be attributed to water
driven back and forth within a pipe whose frequency

and amplitude are modulated by some incoming signal.
A damping component of the pipe acts like a resistor in
the circuit, a propeller takes the place of the inductor,
and a flap valve replaces the diode (Fig 5).

For water flowing in one of the directions, the pro-
peller builds up momentum that resists the backwards
flow of the water until it begins spinning in the opposite
direction. In combination with the diode, the inductor
picks out a range of frequencies and amplitudes that
allow period doubling to occur. If we imagine the output
signal as the pressure drop across the flap valve, then,
for small amplitudes, the flap valve opens and closes
at the same rate as the driving frequency. However,
for larger amplitudes, the backwards surge is unable to
close the flap valve completely before the next forward
surge pushes it open again. Consequently, the pressure
across the valve is lower than it would be if the valve was
completely closed. However, this incoming surge must
overcome the momentum of the last backwards surge
and does not open the valve as much as the first surge.
Thus, the next backwards surge is able to completely
close the valve and so the cycle repeats. In this way, the
output signal can achieve higher periodicity than the
input signal.

FIG. 5: DLR Pipe

If we let λ be the varied parameter, then to calculate
the Feigenbaum constant we use the expression for the
Feigenbaum constant (2), where λn is the value of the
parameter at the bifurcation.

VI. EXPERIMENTAL SETUP

This experiment will require the following:
1. ± 12V power supply
2. waveform generator (HP 33120A)
3. digital oscilloscope (Tektronix TDS 320)
4. analog oscilloscope (Hitachi V-355).
5. Circuit box with Motorola 1N3570 Diode, XX mH
inductor, and XX ohm resistor

Begin the setup by verifying the components of the cir-
cuit mounted to the circuit box as those that appear in
Fig.1 and listed above. Plug in the ± 12V power supply
and verify its output as 24V using a multimeter. The
± 12V leads of the power supply are connected to the
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back of the circuit box with the ground running between
both connections. The waveform generator is connected
to Vin labeled on the circuit box via a BNC (Bayonet Nut
Connector). The drive monitor is connected to channel
2 of both oscilloscopes. Turn on the waveform generator
and set it to a sinusoidal out*[1]. Verify that the dig-
ital oscilloscope displays the correct signal. Two leads
are connected across the diode element and the signal is
connected to channel 1 of both oscilloscopes.

FIG. 6: Time series of diode voltage for period 1

FIG. 7: Time series of diode voltage for period 2

A. Procedure

There are two ways to view the circuit’s behavior
using an oscilloscope. The first is a time series through
the digital oscilliscope showing how the diode voltage
changes with time (Fig 6). The second is a phase space
plot through the analog oscilloscope of the voltage across
the diode against the driving voltage (Fig 8)

FIG. 8: Phase-space plot of diode voltage v.s. driving voltage
for period 1

FIG. 9: Phase-space plot of diode voltage v.s. driving voltage
for period 2

By varying the driving amplitude and frequency, one
should find regions with period 1, 2, 4, 3 and chaos, in
that order. As a reference point for testing the circuit
used in this lab, a 2 cycle pattern should be visible when
the waveform generator is set to parameter values of
71.4 kHz and 3.0 VPP. The oscilloscopes will require
adjustment to display images like those in the figures.
Note the corresponding behavior of the two oscilloscopes
at the onset of period doubling.

For a fixed frequency, find the peak-to-peak driving
voltage amplitudes that mark the onset of: 2-cycle,
4-cycle, 8-cycle, 3-cycle, and chaos. Take screen shots of
the observed pattern.

For a fixed peak-to-peak voltage amplitude, find
the frequencies that mark the onset of: 2-cycle, 4-cycle,
8-cycle, 3-cycle, and chaos. Take screen shots of the
observed pattern.
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FIG. 10: Phase-space plot of diode voltage v.s. driving volt-
age for period 4

FIG. 11: Phase-space plot of diode voltage v.s. driving volt-
age for chaos

From the data collected above, make 3 estimates
of the Feigenbaum number δ for each varied parameter.

Discuss the progression of bifurcation to chaos of

the circuit in comparison to the logistic map studied in
the earlier part of the lab.

It was discussed in section II that the signature of
chaos is the divergence of nearby trajectories. For
parameter values in the chaotic domain of the DLR
circuit, observe the sensitive dependence of initial con-
ditions for the diode voltage time series and take screen
shots. Based on your observations, explain the differ-
ence between true chaos and ”simple” noise in the circuit.

FIG. 12: Experimental Setup

VII. RECOMMENDED SOURCES

[1] Thornton and Marion; Classical Dynamics of
Particles and Systems (5th); Thomson, Brooks, and
Cole; Belmont, CA 94002; 2004
[2] Strogatz, Steven; Nonlinear Dynamics and Chaos;
WestView Press; Cambridge, MA; 1994;
[3] Hilborn, Robert C.; Chaos and Nonlinear Dynamics:
An Introduction for Scientists and Engineers; Oxford
University Press, Oxford, 1994

[1] To set up the waveform generator, do the following: Menu
→ D: sys menu → out terminal → change param to High
Z → enter


